1. Introduction and description of method. The known discrete variable methods for the solutions of differential equations (see [l] ) furnish the approximate solutions as discrete tabular values at usually equidistant values of the independent variable. The object of this paper is to search for approximate solutions in the form of a spline function S(x) y [4] , of degree m (w^2) and class C m~l . This approach was suggested to the authors by I. J. Schoenberg [3] .
Let the differential equation be
(1) ƒ = ƒ0,30, 0^^, about which we assume the following. If r= {(x, y) | 0 Soc S b}, then we assume that ƒ(#, jiJgO" 2 in T and that it satisfies the Lipschitz condition (2) | ƒ(*, y) -ƒ(*, y*)\ ^L\y-y*\ HO^x^b.
If tn^3 then (2) is equivalent to the boundedness of df/dy in T.
Our construction of the approximate solution S(x)-S m (x) is as follows. Let y(x) be the solution of (1) determined by the initial value y(0)=yo. Let n be an integer >m t h = b/n and let S(x) (O^x^b) be a spline function of degree tn, class C m~l and having its knots at the points x -h, 2h,
We define the first component of
with the last coefficient a 0 as yet undetermined. We now determine <z 0 by requiring that S(x) should satisfy (1) for x = h. This gives the equation
to be solved for a 0 . In terms of % -aoh mr -1 (l--m)\ it is seen that (4) is an equation in £ which is conveniently solved by iteration.
The polynomial (3) being determined, repeat the same steps in the interval [h, 2h] : we define
and determine a\ such as to satisfy the equation
Continuing in like manner we evidently obtain a spline function S m (x) satisfying the equation From (8) and (9) we easily obtain the numerical values of Table 1 . Notice that our integration method, which appears as a one-step method in §1, according to Theorem 2 furnishes also some of the solutions of the (m -l)-step method (10).
. If h<m/L then the spline function S m {x) exists and is uniquely defined by the above construction.
3. Quadratic spline functions and the trapezoidal rule. If we consult Table 1 and apply Theorem 2 for m = 2, we find the corresponding 1-step method to be Vk -y*-i = (*/2)(y*'-x + y*') = (A/2) tf(**_i, y^x) + ƒ(**, y*)), which is the trapezoidal rule. Thus by Theorem 2 the trapezoidal rule will give the same discrete solution 52(vh) as the quadratic spline method described in §1 for m = 2. is -a"-i/a n , it is easily seen that the associated polynomial (12) has at least one root of modulus greater than unity for m^4. Therefore S m (x) is related by (10) to an unstable multistep method. Numerical results, obtained on the CDC 1604 at the University of Wisconsin Computing Center, for the equation y' ~y, y(0) = 1 for m = 4, 5, 6, 7, show strong divergence.
